ABSTRACT: Twist operators in the closed sl´¾µ sector of planar AE SYM are characterized by their spin. The explicit dependence of anomalous dimensions on this important parameter is a source of interesting information. Wrapping corrections are a non trivial part of the calculation and are under control in the framework of thermodynamical Bethe Ansatz valid for the full theory and thoroughly checked in that sector. The extension to more general twist operators beyond sl´¾µ has been recently accomplished for the so-called 3-gluon operators that are a special case of the generalized twist operators introduced by Freyhult, Rej and Zieme. Such operators are dual to spinning strings configurations with two spins Ë ½ , Ë ¾ in Ë and charge in Ë . We compute the expansion of the weak-coupling leading order wrapping correction in the gauge theory limit dual to large Ë ½ and fixed Ë ¾ . We present a simple algorithm for the calculation and provide explicit results illustrating the general structure of the expansion.
Introduction
The computation of finite size corrections to states/operators in AdS/CFT correspondence is an important technical issue. Recently, in the integrable planar limit, this problem has been solved in full generality by means of the mirror thermodynamic Bethe Ansatz developed for the Ë ¢ Ë superstring in [1] . Formerly, the associated Y-system had been proposed in [2] based on symmetry arguments and educated guesses about the analyticity and asymptotic properties of the Y-functions. The predicted finite size corrections have been deeply tested in [3] , mainly in the closed sl´¾µ subsector. Their anomalous dimensions can be obtained from a non-compact, length-Ä sl´¾µ invariant integrable spin chain with Ò excitations. The interaction range between scattering magnons increases with the perturbative order. As soon as it exceeds the length of the spin chain and wraps around it, the S-matrix picture fails and no asymptotic region can be defined any longer. For length Ä operators this effect is delayed by superconformal invariance and starts at order ¾Ä· . In this regime, wrapping corrections cannot be obtained within the asymptotic Bethe Ansatz and require the full use of the thermodynamical Bethe Ansatz framework. The most accurate available calculations are at five-loop order for the special length Ä ¾ [4] and at six-loop order for Ä ¿ [5] . In these cases, the minimal anomalous dimension of O Ò Ä can be obtained in closed form as a function of the number of excitations Ò.
The availability of Ò as a control parameter is a remarkable fact since it opens the door to very interesting cross checks of the calculations. For instance, at large Ò, it is found that a generalized Gribov-Lipatov reciprocity (see [6] and the recent review [7] ) holds predicting half of the large Ò expansion in terms of the other half. Also, in the twist-2 case, the analytic continuation in the spin parameter Ò allows to test the predictions of the BFKL equation [8] governing the poles around unphysical negative values of Ò.
Apart from these important tests, the computation of wrapping corrections as functions of (or series expansions in) the parameter Ò is also very useful in order to predict general features. For instance, a recurring theme in AdS/CFT is the assumption that wrapping corrections are somewhat suppressed at large Ò 1 . This permits, in first approximation, to neglect them. A nice example where such an approximation is needed is the computation of Maldacena et al. of the two loop expressions for polygonal Wilson loops expectation values [9] . It is based on an operator product expansion where the spectrum of excitations of the flux tube stretching between two null Wilson lines can also be viewed as the spectrum of excitations around the infinite spin limit of finite twist operators in the sl´¾µ sector of AE SYM , or the GKP [10] string. Integrability and AdS/CFT correspondence effectively help in computing such spectrum and wrapping corrections are assumed to be negligible. Such a statement is safe for the GKP background, but is only a conjecture (although reasonable) for the excitations over the GKP string.
Thus, generally speaking, it is clearly important to increase our knowledge of the structure of wrapping corrections to twist operators beyond the simple sl´¾µ sector 2 . Such an extension has been recently presented in [11] where we studied wrapping corrections to operators whose multi-loop asymptotic contributions had been computed in [12] . We shall refer to these operators as 3-gluon operators 3 . Indeed, in [11] we computed the leading order wrapping correction to the lowest anomalous dimension of such operators in closed form as a function of Ò.
Actually, 3-gluon operators are related by superconformal invariance to a special case of a larger family studied in [13] which we shall dub Freyhult-Rej-Zieme (FRZ) twist operators. For the length 3 case we are interested in, they take the following (schematic) 1 In all known cases they scale like ½ Ò ¾ with possible enhancement factors growing like powers of ÐÓ Ò. 2 Here, the loose term twist operator refers to gauge invariant composite operators built with a fixed number of elementary fields and an increasing number of covariant derivatives acting on them. 3 At one-loop they have the same form as sl´¾µ operators, with the scalar being replaced by a physical gauge field component.
where dots denote a linear combination of similar terms with the covariant derivatives spread over the scalar fields. These operators reduce to length 3 operators in the sl´¾µ subsector for Ñ ¼. For Ñ ½ we get descendants of twist-2 operators. For Ñ ¾ we get the 3-gluon operators. At strong coupling, the FRZ operators are duals to minimal energy spinning strings configurations with two spins Ë ½ and Ë ¾ in Ë and charge Â in
The main result of [13] is the large Ò expansion of the asymptotic minimal anoma-
The expansion is obtained at all orders in the coupling and including the leading term ÐÓ Ò as well as the subleading asymptotically constant correction Ò ¼ . These two contributions are expected to be free of wrapping corrections. In this paper, we consider precisely the leading order wrapping correction which appears at four loops. We provide an algorithm to compute its large Ò expansion for fixed Ñ and present explicit results for Ñ ¾ ¿ . As we mentioned, for Ñ ¾ we have to match the 3-gluon result obtained in [11] . The expansions for the other two values are new. In full generality, we prove the ÐÓ Ò Ò ¾ scaling behaviour at large Ò thus confirming the assumption in [13] . Notice that for the considered states with Ñ ¾ no asymptotic closed form of the anomalous dimension is known beyond one-loop.
The plan of the paper is the following. In Sec. (2), we summarize the one-loop solution of the Bethe Ansatz equations for FRZ operators. Sec. (3) presents the necessary Y-system formulae for the efficient computation of the leading order wrapping correction. The algorithm for the derivation of its large spin expansion is described and tested in Sec. (4) . Our results are summarized in Sec. (5) .
One loop solution of the FRZ operators
In this section, we review the one-loop solution of the FRZ states and give explicit information on the Baxter polynomials entering the wrapping calculation. In particular, we shall provide the explicit form of the Baxter polynomials whose degree is independent on the spin Ò.
The excitation pattern of the operators in Eq. (1.2) has the following form in the higher Dynkin diagram of psu´¾ ¾ µ in the su´¾µ grading
By dualizing the diagram on node 1, 3 we arrive at the simpler configuration
The Bethe equations in this grading (2.2) are 4
The solution to the system (2.5) is explicitly written out in Appendix A where we provide the expressions of the polynomials É . Since the degree of É is dependent on Ò, the computation of the large Ò limit is definitely non -trivial.
Although the definition of É is rather complicated, it is a polynomial of order Ñ ½ whose coefficients depend on Ò. We can reconstruct them explicitly for general values of Ò at least for the first values of Ñ. We do this for Ñ ¾ ¿
. The polynomials are Ã being the number of excitations on the -th node.
These results will be useful in the following since they are explicit in Ò and can be used to extract large Ò contributions.
In order to efficiently evaluate wrapping corrections it is convenient to dualize the diagram (2.2) at nodes 5 and 7. We get a configuration where the number of roots at nodes 5, 6, 7 does not depend anymore on Ò. More precisely, we get
This is the direct extension of eq. (3.13) in [11] . An important difference are the Ñ ¾ roots appearing on node 7. The one-loop Bethe equations are now
where the dual Baxter functions É , É are defined by
They are polynomials of order Ñ and Ñ ¾ respectively. Explicitly, for Ñ ¾ ¿ they read
Explicit formulae for the leading order wrapping correction
The Y-system is a set of functional equations for the functions ×´Ù µ defined on the fathook diagram associated with psu´¾ ¾ µ which is a suitable´ ×µ grid described in details in [2, 14] . The anomalous dimension of a generic state is given by the TBA formula 
The function¨has been determined in [2] and reads
where is the dressing phase . At weak coupling, evaluating the various terms at leading order in the mirror dynamics, the wrapping correction (second term in the r.h.s. of (3.1)) is simply given by the expression 5 We recall that the physical and mirror branches of the Zhukowsky relation 
Explicit formulae for the computation of ¼
In the following, we shall need a compact efficient formula for the evaluation of ¼ . According to (3.5), we need the contribution from the dispersion (ratio of Ü ¦ ), the fusion of scalar factors (¨terms), and the su´¾ ¾µ transfer matrices. After a straightforward computation we obtain:
Transfer matrices
Using the relations, valid at leading order in the coupling constant
we get the following expression for the transfer matrices Ì £ ½ in mirror dynamics:
We remark that this expression is valid for any distributions of roots on Dynkin diagrams like the one of the right wing of picture (2.7). So, for example, taking the expression for É Ñ ¾ , É Ñ ¾ , É Ñ ¾ from equations (2.10), (2.6) and (2.11), we get back to eq. (4.22) of [11] . If É is trivial, i.e. É ½, formula (3.11) shows that the transfer matrix is Ç´ ¾ µ.
To compute the wrapping corrections we can use formula (3.11) for the transfer matrices of the right wing of the diagram (2.7), while for the Ç´ ¾ µ left wing we use
Dispersion relation
This is the universal factor ¾ ¾ · Ù ¾ ¿ (3.13)
Fusion scalar factor
From the relation¨
the following formula follows
This formula is valid for even É , É and É , i.e. for even values of Ò and Ñ. For Ñ odd, the ratio É É is indeterminate at Ù ¼, but has a smooth limit for Ù ¼.
Large Ò expansion: The algorithm
The wrapping correction can be computed by summing the residues of the -functions at Ù ¾ . The precise relation is
The physical reason of this property, that we explicitly checked for all the cases we are interested in, is presumably the same as in the Konishi case discussed in [15] . The pole at Ù ¾ is of kinematical origin and does not depend on the scattering matrix. Instead, other poles are determined by the dynamics and correspond to terms in the Lüscher approach to wrapping corrections. It is expected that such terms are absent in the weakly coupled limit [16] .
Since we are interested in the large spin limit of Ï , we can attempt to exchange this limit with the sum over the intermediate virtual states in the r.h.s of Eq. (4.1). This possibility is supported by the fact that the large Ò structure perfectly matches the exact result in all known cases in the sl´¾µ sector of AE SYM theory, in its ¬-deformed version and in ABJM theory as shown in [17] .
In practice, one evaluates the above residue at fixed ½ ¾ without assigning Ò and then taking the limit over it in two steps: The dependence on Ò, in fact, comes from the polynomials É , its derivatives (which are written in terms of the basic hypergeometric function Ò Ñ defined in (A.2)) and from the explicit Ò-dependent coefficients of the other Baxter polynomials. At this point one can use the Baxter equation to shift the argument of Ò Ñ to some minimal value and take the large Ò limit on the coefficients. This gives a first expansion containing various derivatives of the logarithm of Ò Ñ which in turn can be systematically computed as explained in Appendix B or by means of the method explained in [18] . The outcome of this procedure are sequences of rational numbers being the -dependent coefficients of the large Ò expansion of Res Ù ¾ ¼ . These sequences turn out to be rather simple rational functions which are easily identified and summed over .
In the following, we first apply this strategy to the case Ñ ¾ reproducing the known results for 3-gluon operators. Then, we move to unexplored cases Ñ ¾ for which we provide new asymptotic expansions for the wrapping correction.
Ñ ¾, checking 3-gluon operators
Let Ä´Ùµ be the logarithm of the basic hypergeometric function Ä´Ùµ ÐÓ Ò Ñ ¾´Ù µ (4.2) and Ê be the residue
We find the following explicit results for the first residues expanded at first order for large
Notice that the whole dependence on the spin Ò is inside the derivatives of Ä´Ùµ evaluated at special points. Instead, the dependence on the label of intermediate virtual states is in the coefficient functions ½ ¾´ µ. In principle these functions could be very non trivial. In our case, we find that they are rather simple rational functions precisely as in other cases analyzed in [17] . In particular, we find This result is in perfect agreement with the large Ò expansion of the results of [11] . This provides the validity of the computational method we are using. We now apply this same method to cases with Ñ ¾.
Ñ ¿
As in the previous case, let Ä´Ùµ be the logarithm of the basic hypergeometric function
Ä´Ùµ ÐÓ Ò Ñ ¿´Ù µ (4.6) and Ê be the residue
We find the following explicit results for the first three residues expanded at large Ò ½ Ê ½ ¾¯¾ ¾Ä ¼´ µ ½½
·¯ Ä ¼´ µ ¾´ µ · ¿´ µ℄ · Ç´¯ µ 
A comparison with a numerical estimate of the (imaginary part of the) sum of the residues is shown in the following table
Ñ
Again, let Ä´Ùµ be the logarithm of the basic hypergeometric function
Ä´Ùµ ÐÓ Ò Ñ ´Ùµ (4.14) and Ê be the residue
We find the following explicit results for the first two residues expanded at large Ò ½ Ê
¿, we find the same general structure 
Summary and a reciprocity conjecture
In summary, our results for the large spin expansion of the leading order wrapping correction at Ñ ¾ ¿ are (we set here Ò Ò for all Ñ)
Following the general idea of [6] (see for instance the review [7] for its many tests in AdS/CFT), we are led to rewrite the above large Ò expansions in terms of the quantity
The possible vanishing of odd terms ½ Â ¾ ·½ is linked to the Gribov-Lipatov reciprocity and allows to interpret Â as the Casimir of a suitable additional symmetry of anomalous dimensions. From previous experience, it can be expected such reciprocity relations to hold not only for the full anomalous dimension, but also separately for the leading order 
Conclusions
In this paper we have applied a simple algorithm to derive the large spin expansion of the leading order wrapping correction to a class of twist operators introduced by S. Zieme, A. Rej and L. Freyhult in [13] . Our analysis extends previous work on simple sl´¾µ-like rank one classes of states in ¬-deformed or ABJM theories. We could easily obtain accurate asymptotic expansions for various special cases. This analytic results can be used to claim the correct scaling behaviour of the wrapping correction, but also to explore other interesting properties like reciprocity constraint. In principle, our analysis could be helpful in a possible attempt to derive the currently unavailable explicit expression of the asymptotic anomalous dimension beyond one-loop. 
